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A Sequel to ‘Nonlinear Problems and Holder's Inequality’
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Abstract Since the basis of Holder's inequality was found by mathematicians, i.e., independently by Rogers in 1888 and

Holder in 1889, the inequality has been frequently utilized as a basic inequality in mathematical analysis such as func-

tional analysis. However, surprisingly, no physical interpretation of the inequality seems to be known until 2014. In this

article, as a sequel to “Nonlinear Problems and Hélder's Inequality” (Jan. 2016), | show that the inequality leads to an

elegant solution to recent nonlinear problems and also inspires them.
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1<q<3ITHL, WFOMEERBEME popt (z) 1&, Tsallis T
YN AL (7), (9) OME—D KIEMEIRTdH 5.

1
Popt (z) = 7 XPq (_quz)
q
72720, Zg, Bq BUTOEBD

Zo=\)etoB (5 —53), Ba =

HEICL BB, EF 1 OREWEFALC, pla) & A £
FACRIRE (9) DEATARM L L, 2D TRIBIBERE popr,
Agopt £EF5. SITIR, fEghRICIVEHRTD

P S
(8=q)o>"

f(z) =p(x) (20), (16a)
g(x) = Agz? 4+ (1 = N\g)o? (ae. z € SCR). (16b)

FITHE, KD .
Talp Al = (Fg) = (If9l) = I fgllr- (17)

EC, TITTPEFAD [HxROESL] 2exLLH. RO
WBLIDHE LT, ROES P 2EHKTH .

P ={(p:\g) | Xqz® + (1 = Ag)0? > 0 (V& € R)
ThabE, Ag E0< Ay <1 DKM }.

1oLBY, Zo8EE PIIKBINEER (Dopt, Aq,opt) & &
A, BHEOTEEED., T2 TIIEKT 225, ZTOEIIL, popt
T L P OEMZMTETTRE (p, Ag) T BARMIZHE
B b ETHEDIHEONL., FITUHEFET, P NOEL
THEME (p, Ag) WCBRE L Tt FIBS 202, 3 (18a) 2°
vy, R (18b) 1AV & —DAERX (4) 25, R (18¢) b
Ip?lls = (Ip(2)|7) = 1 25 ENTHS

Tqlp, ] = (fg) = (Ifal) = [l fgllx (182)
2 [[p7ll2 [2g2® + (1= Xq)o®[| =2 (18b)
= [Xqz® + (1 = Ag)o?|| - = [HHiE). (18¢)

2.3 DM 1 OFFEHER L L, [HE] ~E2 V- &, X
(18) P&To [=] Zili/zF p #MAVTHI LI 25,
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ZOmES, WAV —OREROE TS (5) £, R (15)
P DR AKX

e dx 1 l—-a 1—-«

(A waﬂ+%WW::vB<ﬂ_ vy oy ) (19)
&Y, B2 DOFIRT B popt (z) AME—IZEE S, £72 Mg opt
[ Agopt = (g — 1) LIFSM, WEPICLEO P O5ME T
LTwa., 9 LT IHE] FTRED, ZORKPHE—DE
DHETHD Z L 2MENPOLEWE, b2 D. BARR
i3, (P ORI ESL72) EEOFETWEM p & ETHZ popt
BT UEST5TH D,

PEAIEARTAROG A DN — MR, FATHRER p & RIRAY e
Popt 122VT, (p7(@))z & (ply (2))n DINAERE T4 7 —
BROMEEOEIIC L ) 228> T b, —F, EHEOT L O,
DTORK (20) Do) & LEAEREZLLLDHRTHD ©

o® [(p?(@))z — (PZe ()]

= <[>‘q,0ptm2 + (1= Ag.opt) 0'2] [pq(x) - pgpt(x)]

1A [opt(2) —p<x>]>R (20a)
o w[[e@ ] @ N

. <p0p ) { L’om (1’):| qpopt (z) o 1}>R_ "
(20b)

X (20) OFMIELToEBY. £33 (200) N T, (22 —
o)p(z))r = 0, {(x? — 02)pgpt(a?))nz< =0 ICHEETS.
DyPopt (EWT IS FEATREM CTH D, HKSEM (B) 2k
THLTHL. AICERILENEDS (popt(z) — p(z))r =
(Popt(2))r — (P(x))r = 0 TH 5. KIZ, F5HRILEMN (5)
£ (16b) 5 Agopia? + (1 = Agope)o? = AT ply(2)
135705, IinER (20a) ITAA LT (20b) 2445, 13
X1 —qgX +q—1D7 7 7% 7ZFThHsD 1 qg>1DLE
X9—g¢gX+q—120(WX20)ThY, FEHRTITX =1
DEEDBRTHL., DX % X = L& LEC L, FpIC

Popt ()

Popt WME—DKIRMEETH B Z L0035 O

HRIVEEDBPIT, E)Ro4ETEL) TT.

2.5 BRMHMECEH, T L RE

5

ABOBENEHEFEY. STEF TR LR 7 17
7 E&, SATHFZE Y - OUS oMERICET Lo E Lz, 297
e, EOMEL AV —ORERITFE SN, wIhbko
EHL, 20BFFHEFALLC, oS Y EFFLLITT! —
DR T OOMBENREF LR L FL LY, BT L MEES D
DT ATT CHRIIRT D E D E .. THEHBAW2S 1?
&, UG5 E, ZORETHON TV HEREE LD
FOCHRR A MRS L E Lc, #fide s LT, Mk IR, &
HZVIEZY PEY—OHEMGETH L0070 TT DS, [HEROE
O] OB0H»H RIS ERIGRO by 7V v —Fu~ixfa L
TLEFVF LA FEIE, WOOFHETIERY - AT 241
E)BEEROBNERY, 2EHOERTIESIC 152 &%
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DT FEMBY F L AAT 4 Thaxy MHET
HOUE, [MERIHOMEE LTOHFBRMEICRF TS, =720,
b LZOFETHERMHOW -2 HED BT L2080 F L&
I EnHZET, HENMIBoLeAEBY)TT.
CEOAmOBBET, BERKENH ) L. — ADE
FE, WFETEICERBL Y2 — — FEREKRL, &5 80 KuH
HICh7 25 ERERRLTCTFSWE L, ZEHOE
FTIE [CHEREPSLADTYT] kb F Lz EHEM
ZTME DD frbolz0TLEIN? i, b)) — A0k
FENSIEUTOaxy b REE L

‘The results presented are not new, but the interest
of the paper lies elsewhere: it is the method of proof
which is important. This method is exquisitely el-
egant and efficient. I find it personally hard to
believe that this trick has never been employed
elsewhere. In any case, despite my reservations
about the writing style, this paper has taught me
something that I believe could be useful to many
researchers interested in such inequalities, and I
therefore support its publication, although not be-
fore the authors have gone (once more, it seems)

through an extensive clarification work.’

EOPHLHALDLTL LI, CoEZFILIEEHED [=
O] MeboZeoTL ! LAL&AS 2018 45 10 HOB
W, SEZIIRBOY v —FIVIHETRE GEEEESbhw
FTH) WELZILLS T Y TR WVIRETT.

WEIC, 2.2 THREDICR> Tty o ¥ —oi
KLETEDOBI 2 oA L, EHEOT A FTHED L9 IZiHH
ENEEFHL T, BTWRE VIS, VWO FATRT
WETT. EFOMBAMY, THIT 1952 FEDOHEOGLLEDHE®B)
TLx9. 20k, MH2EEE$75, Vignat 51 Tsukada
502 Lutwak 51304 Eguchi 5D x4, TH
15 A o f#E E D 15

r;}%g%ngli%e (B 5\, n;?;()irélilz)e) (p?(z))r (21a)
subject to (p(x))r = 1, (21b)
(2®p(x))r = 0? (EH). (21c)

CORMIE, Rényi = b B E— (10) O KALE E & Al
TY. KEMRERIE, €81, 2055ERAUEL v v
TrERBIENFMOATLE$G.0D. 02 = oy
FHEOTATTIREDLIIERAENLETLEI »? ko
X (12), (16) # BV, %9 2 &% f(z) = pi(a),
g(x) =14+ Xg(22 —o?)pl~9(z) LTIITLI VW LA HD &
F. HEITEH 2 ORFEHOIZIZHEDEL L) 5.

XKIZ, Vignat &MV, (B THR~NF$2Y) HOSGEDME
(21) DEEBIRE %52 TwE§. B2, Tsukada 512
3, HoMBOTLA Y M fEIc kY, EROMEGEEROM

(7E11) @ 72720, HROGERHN(GB) T q > 1 OHBEOARY bR TWET,
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B (21) OR% ST, DT OMEROMEI b EL 52 Tw
ES

n
minimize (& %\ 1E, maximize) E pi (22a)
peEM pEM —
i=

n n
subject to Zpi =1, Zeipi =F (= 02), (22b)
i=1 i=1

2L, p=(p1,...,pn), MISHEREESIHOERE, e (3E
HTHY, Plzie; =42, E=02 LEL &, EROKONE
DOMEDHERIE 20 F3. Flop, =2 LiEE, L (22b) Ol

WhREOREE Y (17— o?)p! = E ISl EHR 5L, Tsallis

lybuﬁ—ﬁ£ﬁ%%(n,w)@%ﬁwaﬁbiﬁ.:n%
OMBIZHEZOT A FTIEEHUETL £ 92?2 il Yes
T, ERANVYT —OREN L Z OS5 &0, BERE
DA BRI Y 222 5T W, 121, Tsallis =~ o
Y — e KL (9) R Tz, X (12), (16) 2 EERILL 72

fi=pl, @ =X®+(1=Xg)o® (1<i<n), (23)

PHAY =L, ORI, 2 OFFEHAO (Ja 7 YT 1
B BETTT, bok b MR TRENICBETT
BRI, SERIEOBRSAE ORI & HI—#{L L 72 Lutwak
518, (VR (Do) 12 A RTHEL &)

. e n
maximize (p?(@Pen (2L, ¢ > —— +p) (24a)
subject to (p(z))rr =1, (24b)

(lzI"p(x))rn = (EED). (24c)

72720, z (ER™) FENRY M, |z| 3FOEE -z ZRL
iﬁ:Lmegﬁﬂu,:@%guﬂt,*%mﬁﬁv7>:
Popt () = ar {1+ (1 — )|} B REMHERTHLH 2 &
ERLTCWETEY . -ty 7 v TED, bbEHA
r=2,n=1¢EFIE, EOgITTIT Ziequ(—ﬂq:ﬂ)
L) 2F. 7D = 2 OB, Eguchi 50912k 0y
OEE GRREHHEE) 70, MILICHERS 20N TwEY, &
T, COMBIEEDTATTIXHEHENLETLEYID? C
b F72, Yes TT. NV —DOREN L Z OSSR &M,
SHEBBEf, g 122V THIKLT A6 TY. LEr->T (%
BEALITHE D TRAD L2 LETTH, K S0 EB o JIE
T (Vg & (Jan CESHEZ BT LR T, BRAIIK (20)
beECFELEDTETY.

R B Hb LNFRADS, Tsallis =¥ b1 E—i AL
W (7) T, WKL (8) D h(z) 7% h(z) = x DHE, KIRH
WIRE - exp,(—Bqz) DL %D EHMOENTHET (H]
2diﬁ@wrmmmmzm.:@%ﬁ@,ﬁﬂ@tﬁﬁ?
% f(z) = pl(x),q(x) = Mgz + (1 — A\g)o? LEITIE, BITE
2 OFFEHIZHEV, 22 TOR % —H RT = [0,00) IZ{E &
ez %713 TOK TY.

2.3 DWDITHERE L7229, FEOEER 2 B & TORTH

(7112) : Afmld, 3k (14) ® Theorem 3 (p.1606) DRI % REMZ 17 b 7% Wil
FACEE L CWET. 72720 arnq & r,q IS LIRELER, {-}+ = max{0, -}.
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BROEZHFIBEBLTVWET. §4bL, WFhddo2Lod
KO RER LM E LTH 2, TS EEOFETHEMR O M
WALy A N =Y 2y AED (BB niE, ZOEOHD) %
BAL, KENREBEOFHEZS52 3. ZokmlLEz2)
&, v/ Iy b E—gRILOFEHE (21330 (16) @
Theorem 8.6.5) @, X {HISNTWA [EA) ICLrbnL A
bNFET. $hbb, TV 7 v oBEMEEOMIZ KL 7
AN=Dzry 2 My baE—) 28ALT, #Uo7 v
ORIBIHEELE S OTT., 2 LC, JTLHHEOLED 1952
HEOHEGCT RWID) Zov v/ Y HHOFEET DS EN
ozl bEAOE T T,

PibEo X d12, #enfEPAL Yy —DOARERICE )RS
NBRETZRAICOT, EHIE [BEE] O X—VDENA
TEF L7 MaBAd (EHNOLATIIZE) 251 RO (A
W —DORENR) THALNDEA A=V TT. ZONHED, 4
th, TOEMEFBEST L EDNHALTLLIN? TILTD
B &4, —old, Folfs IR L <, ZOMOMN
JHESLEE R HMETY. by bR E—D5EIZIE
FHOMBMY, Z0 L) BIATHIRIEZVEH)TT. LaL,
k(1) THALE L7z [EAR ol LR | (3B o i
EAFAELTOET. b9 —2Id, MEIEEEZY, $-%0
L7zR@BLE"RL 2 EARPLELLETT. fl2E, BHAED
WA A TH 5 [4etbff] Rényi > b ¥ — 07 |2kt
TY. Wb, B, EHEORGEOEAERFEAD ...

EARBRELIERDOEIIEE

2.5 TNV —ORFEADS, —ffbz>y bu¥—ofEen
MEEHRRLMETE2RE L. 20X 22 L, MBS (fF
WZEEARE) EIFEN A < 2505 1A IERIERIE % il
FTARICAHNE T, ZORTZUTFTTREL L.

3.1 RERFOZIARERE/LRHE

[VEAFM] (injection locking) | &\ HAlfIL, T4, H#EkIZ
EHZEDTHD MYy 7 TT. 2016 4 1 J O IR
BRI L~ Y 5 —OAR%ER] UV CRA L E L72os, EARBRE
AT AR GERIEIRE)T) \HMBES (AT) % odliE
AT B & FEREDIEIE T 2R3 2 FEARN 2 P BB G T,

COEAFBOMERZEFMTAREELT, By s LY
(locking range) (FEETY. Ty 7 L » Y & IdEARPH
LY AANBES (AT)) ORBEEGEROZ ETH Y, THHIL
T, XY FHEPOTNZ P REARBPELNL LT,
2(a) WRT LI 1Z, KO Aw 35RO BEIFEIRE I K &
AR 0% (M) 2R L, #iIAOmEEZRLFT
Z0, LERKouy 7Ly EWF b EEYLHEBONN T

(7E13) 1 CH#(9) , (11) ~(15) BN B ¥ 4 N —=V = ¥ AF, ZNEN Tsallis
relative entropy, Bregman information divergence, relative A-Rényi
entropy power, projective power divergence &ITAEIL, H I8 5E%
HHIT.

(E14) (LT A F I 7 ADBFHTE, ThEeT— Vs v 7 LITR,
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—Aw (o)
SO (RiH)
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ATBEE b NS
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5
=
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=
S
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S
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S
I

(3 IRIEFIHRBEAS

M2 () Byl (b) MABKAREE, (o) BEA
HOBET. (X (1) » 5.

&, FEIAHOLEFRHATEETY. DT Tl A o5+
SNSRI ADOBERIE LTI, THEAT (Bif) »
FNAZAFEBHE L2V, $EEENROEFE,»S S, B
RTHEEMN DD TT.

COEAFM & v ) IERIEB SR LT, ARG (D (18
V) B ADS, R CEI AT OIEIARE T 1o L CHRI T
Z ORGSR, TEOIMICIRE 71— RO R (LA
FRER) ISHRR SN, IEAFBI OB &ML, ZolifEozeE
T RO L SEMIC A D £9 (1 2(b)). ThHizky, oy
Uy D RIERAET AT, DR oE AR RELEEE L
TEAMLER T O:

maximize L[f] = <f(9)[2(9) + )\]>[0,2,r) (25a)
ferL,
subject to || f]lp, = M, (25b)

722U, AJ1f(0) ZIEBLEE 0 € [0,2m) DRHIBEE TS

D, pRATES, T2DL ||fllp =M <oco & LEES, F
72 Z(0) EFMRRIH LE F A 2(0) Ik
D, Z(0)=Z(0+ A¢) — Z(0) L5 5NET (A¢ XL/
TA=F) . ANTED Ny ERCCRERETHY, ZOMED
BRI (F(0))0,20) = 0 FMARL 720 ICLETT.

D EoE AR RECEL, 2.3 ORFEHEFE LT AL
F—=ORFERDH LY BRI TS, oAU, X 2(c) D
(1), (2), B)IRTEI, 1<p<oo HEZp=2), p=1,
p=oc0 D3 WYL, ZNENELNE T ES (KL OPE
22w T, CE(L) , (6), (8), (19).) X 2(c) @ (1) /87 —
H# T, EEAICIEATOERME —EIHHT 25 DT
F.oFE72(2) mEHY, (3) RIERIRIE, e ATIA 1 A
BCmoI$ 5 [T, #5ET2RREL —ZI2HHT 2550
TY. IS OBFEMHIRSMEALL o AR s L rE I

(1£15) : ZOR, fIETHIRT T ADME HN—L, 7oAV —OREX
(1) &dxhipnoE £9.

(7116) : 22T, LT, M 2(a) [RT, AMWETREIEKERT Hodgkin-
Huxley =2—0 €700 W9 ppmeng 7 25 LTWET.
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Pulse

(@) SIS
Bias N 1
Circuit ! Jy

b (c) Vp=2V, M=0.032r
(A max =0.467)

(b)

N
'S

4l Ve=tv o
4Py H
Vos3V

0 0 2n 0 0 2n

Input Voltage [V]
o

Phase Shift [10rad]
o
o
S

M3 CMOS UrJ+TL—20DiBA. Mo V;
13NA 7 A, M 1E (25b) TEFR S A1,
A¢ IFEE—HFO/ OV ZOMAEL RS, (a) 0
i, (b) 3 BOBED Z(0), (c) 3 EDY;
GO OV A (R AW, Gk (21)
BQUR 7% ')

(a)

-~ N .
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M4 EARSE E BRREEOHE. (a) MK, (b)
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DEEZET. LoL, ZOPrOREOHL LI -TEFEL
72 BRI, REANEEZEFTIELLS BERL) ks
ENTEDLDE, WHBZER Z0) eI FTRHERCKE
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AETWET, GRS, NTT YRR e o WA, 1110
5CE, HAMEDH v FLNAN=ICL =2 BT L20AT
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