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Abstract—This paper presents a numerical locking-range
prediction for the injection-locked class-E oscillator using the
phase reduction theory (PRT). By applying this method to the
injection-locked class-E oscillator designs, which is in the field of
electrical engineering, the locking ranges of the oscillator on any
injection-signal waveform can be efficiently obtained. The locking
ranges obtained from the proposed method quantitatively agreed
with those obtained from the simulations and circuit experiments,
showing the validity and effectiveness of the locking-range derivation method based on PRT.
Index Terms—Injection-locked class-E oscillator, locking range,
phase reduction theory.

I

I. INTRODUCTION

N RECENT years, resonant class-D [1], class-E [2]–[14],
and class-DE [15] power oscillators have been widely
used in various applications. These resonant power oscillators
are oscillated by the feedback voltage transformed from the
output voltage. Class-E and class-DE oscillators can achieve
high power-conversion efficiencies at high frequencies because
of the class-E zero-voltage switching and zero-derivative
switching (ZVS/ZDS) operations. Because of their high operational efficiency, these oscillators have many applications
such as electric ballasts [6], [7], dc-dc converters [8], [9], and
transmitters for wireless power transfer [10], [11], and wireless
communication [12]. In such applications, a limitation of the
oscillator is that the free-running frequency usually has a small
error from the specified frequency owing to component tolerances. Therefore, accurately specified frequency operations
are required for practical usage that considers the radio law
and phase noise. The injection locking technique [13], [14],
[16]–[33] is one solution for this problem.
In the injection-locked class-E oscillator [13], [14], the injection circuit is added to the class-E free-running oscillator for
oscillation frequency stabilization. When the feedback voltage
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of the free-running class-E oscillator is synchronized with the
small injection signal, the frequency of the class-E oscillator
can be fixed at the injection signal frequency. The locking range
prediction for the injection-locked resonant power oscillator is
very important and useful for oscillator design [18], [19]. This
is because the required injection power for the synchronization
can be estimated in the design process.
Analytical expressions of the locking ranges have been previously reported [13] on the basis of Adler’s equation [16]–[22].
From these analytical expressions, the locking ranges of injection-locked class-E oscillator can be approximately estimated.
This analysis is, however, only valid for the case in which the injection signal is a sinusoidal waveform. For the implementation
point of view, it is useful to predict the locking ranges on various injection-signal waveforms. In previous research [14], the
locking ranges for the injection-locked class-E oscillator with
various injection signal waveforms were numerically obtained.
It was also shown that the locking ranges depend on the injection-signal waveform [14]; however, the numerical derivations
of locking ranges in this study require high computation cost.
The phase reduction theory (PRT) [24]–[31] is an analysis
method developed in the field of physics used for investigating
the synchronization phenomena. By expressing the oscillator
dynamics as functions of phase variables, the synchronization
range can be easily and accurately obtained. The phase sensitivity function (PSF) represents a phase gradient on the limit
cycle of the oscillator, which is the most important function
used for investigating the synchronization ranges in PRT. The
locking range can be obtained from the convolution integral of
the PSF and the function of the injection signal. In previous research [29]–[31], PRT has been applied to the weakly coupled
oscillators, such as Sturart-Landau and van der Pol oscillators,
which shows the utility of PRT. Nevertheless, PRT has never
been fully utilized in the research field of power electronics. In
this sense, it is important to show that PRT can be applied to the
design of resonant power oscillators as an application example.
The objective of this study is to present the feasibility of
locking range predictions of the resonant power oscillator by
PRT. To our knowledge, our study here is the first paper to show
a systematic design process with respect to the locking ranges
of the resonant oscillator, which can be applied to other injection-locked resonant-power-oscillator designs. It is shown that
PRT is quite useful for obtaining the locking ranges of injection-locked class-E oscillators. By applying PRT, it is possible
to obtain the locking ranges on any injection-signal waveform
at a low computation cost. By conducting simulations and circuit experiments, it was confirmed that the locking ranges predicted by the proposed method quantitatively agree with those
obtained from the simulations and circuit experiments, thereby
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Fig. 1. Circuit descriptions. (a) Injection-locked class-E oscillator. (b) Equivalent circuit.
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Fig. 2. Nominal waveforms of free-running class-E oscillator.

demonstrating the validity and effectiveness of the proposed
locking-range-derivation method based on PRT.
II. INJECTION-LOCKED CLASS-E OSCILLATOR
Fig. 1(a) shows the circuit topology of the injection-locked
class-E oscillator [13], [14]. This circuit consists of the class-E
free-running oscillator [2]–[5] and injection circuit. The class-E
, dc-feed infree-running oscillator has dc-supply voltage
, MOSFET as a switching device , shunt capacductance
, series resonant circuit
, voltage-diitance
and
, feedback inductance
for
viding capacitances
and
for supplying the
phase shifting, and resistances
bias voltage across the gate-to-source of the MOSFET, which
are sufficiently large to neglect the current through them.
Fig. 2 shows example waveforms of the free-running class-E
in Fig. 1(a). Generally,
oscillator, particularly for
in the oscillator has a high
the resonant circuit
quality factor . Therefore, the current through the resonant
circuit is regarded as a pure sinusoidal current. The feedback
voltage , which is obtained from the output voltage, controls
, the MOSFET is in the “on”
the MOSFET. During
is the gate threshold voltage.
state, as shown in Fig. 2, where
, the MOSFET is in
On the contrary, in the case of
the “off” state. During the switch to the off state, the current
produces a pulse-like shape
through the shunt capacitance
of voltage across the switch, as shown in Fig. 2. The switching
losses are reduced to zero by the operating requirements of zero
voltage and zero derivative voltage at the turn-on instant, which
are known as class-E ZVS/ZDS conditions [2]–[15], [34] and
are expressed as

the original free-running oscillator. Therefore, the circuit design is simple even when the injection-locking technique is applied. For the injection-locked class-E oscillator used in previous studies [13], [14], a small voltage is injected into the
MOSFET gate terminal, as shown in Fig. 1(a). If the feedback
voltage of the class-E free-running oscillator is synchronized
, the oscillation frequency is locked
with the injection signal
, which means the frewith the injection-signal frequency
. It is easy to
quency of the output voltage is fixed with
achieve synchronization as the injection-signal power increases.
However, high power injection affects the waveforms of the
feedback voltage and switch-on duty ratio, which yields the design complexity. It is necessary to conduct the total design of the
free-running oscillator and injection circuits for large perturbation. Additionally, low injection-signal power is good from a
power-added efficiency perspective.

(1)

where
and
denote the angular
time with free-running frequency and the state-variation vector,
respectively. In this paper, for simplicity,

The power dissipations caused in the feedback network are
kept small because the current through the feedback network
is much smaller than the output current .
has an error from
Usually, the free-running frequency
the specified frequency. One of the techniques used to solve
this problem is injection locking [13], [14], [16]–[33]. Because
the injection-signal power is low, it is possible to obtain the injection-locked oscillator by just adding the injection signal to

III. PHASE REDUCTION THEORY FOR INJECTION-LOCKED
OSCILLATOR
PRT [24]–[31] is an analytical method developed in the field
of physics for investigating the synchronization phenomena.
By expressing the oscillator dynamics as functions of phase
variables, the synchronization range can be obtained easily and
accurately.
A. Phase Function
It is considered that a non-perturbed dynamical system can
be expressed as
(2)

(3)
is periodic in

with period

as follows:
(4)

, and that
It is assumed that (2) has a solution
this solution has a limit cycle in the phase space, as shown in
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B. Time Averaging for Simplification
The phase difference between the perturbed limit cycle and
the external force is
(11)
By eliminating

from (10) and (11), we can obtain

(12)
Fig. 3. Example of oscillator dynamics. (a) Limit cycle. (b)

versus

.

Fig. 3(a). For the dynamical system, a phase variable is defined
as

and
, the variation of is much
Because
is regarded as constant
slower than that of . Therefore,
during one period of the dynamical system and (12) can be simplified by averaging as follows:

(5)
where

has

-periodicity. The derivative of

is obtained as
(13)
C. Locking Range
(6)

The perturbed dynamical system of (2) is expressed as
(7)
represents the weak perturbation, which expresses
where
is the angular
the injection signal in this paper, and
.
time of perturbation with the angular frequency
. The
It is also assumed that (7) has a solution
perturbation drives the trajectory away from the limit cycle .
only slightly deviates from the origHowever, the trajectory
inal trajectory because the injection signal is small if the limit
is stable. Therefore, we can define the phase
on
cycle
in the neighborhood of , as shown in Fig. 3(a).
From (6) and (7), the phase dynamics of the perturbed dynamical system can be expressed as

When
, the original oscillator is synchronized
as a funcwith the weak forcing signal. Fig. 3(b) shows
for , the
tion of . If there is at least one solution of
is a periodic
phase difference is locked in the steady state.
function of because and are the -periodicity functions.
has at least one solution for if
As shown in Fig. 3(b),
is in the range of
the
(14)
and
are the minimum and maximum values
where
. From (14), the locking range is obtained as
of
(15)
can be obtained by the convolution integral of the
PSF and forcing signal as given in (13). Therefore, the locking
ranges of the injection-locked oscillator can be derived regardless of , particularly injection-signal waveforms, after the
PSF is obtained.
IV. DESIGN OF INJECTION-LOCKED CLASS-E OSCILLATOR
A. Assumptions

(8)
from the
When the perturbation is small, the deviation of
, which is
original trajectory is also small. Therefore,
included in the right-hand side of (8), can be approximated as
(9)
is known as the phase sensitivity function (PSF). By substituting (9) into (8), we can obtain the phase function of the
perturbed dynamical system as
(10)

For both the free-running class-E oscillator design and the
locking-range derivations, it is necessary to formulate the circuit equations of the injection-locked class-E oscillator, which
corresponds to (7). The circuit equations are based on the following assumptions.
a) The MOSFET is used as a switching device , which
has zero switching times, infinite off resistance, and on
resistance .
b) The MOSFET has an equivalent series capacitance and
equivalent series resistance (ESR) between the gate
and the source of the MOSFET, which are
and ,
respectively.
c) IRF530 MOSFET is used as a switching device . Table I
gives the IRF530 MOSFET parameters. In this table,
,
, and
were obtained from the FET manual,
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where

TABLE I
IRF530 MOSFET MODEL USED IN DESIGN

(20)
(21)
and

where
is the permissible maximum gate-source
voltage.
and
were measured by HP 16047A at
MHz.
, , and
have an ESR
,
d) All of the inductances
, and
, respectively.
e) The shunt capacitance
includes the MOSFET
drain-to-source parasitic capacitances.
f) All of the passive elements including switch-on resistance, MOSFET parasitic capacitances, and ESRs of inductances work as linear elements.
g) The MOSFET turns on at
and turns off at
in
the free-running operation.
From above assumptions, we have an equivalent circuit of the
injection-locked class-E oscillator, as shown in Fig. 1(b).
B. Circuit Equations
From the equivalent circuit in Fig. 1(b), the circuit equations
are expressed as the equation at the bottom of the page.
In (16),
is the equivalent resistance of the switch. According to the assumption a) and f),
is expressed as
for
for
Now,

and

(17)

are defined as

(18)
and
(19)

Using

and

, (16) is expressed as

(22)
(23)

which corresponds to (7).
In this paper, numerical waveforms are obtained by solving
the differential equations with the forth-order Runge-Kutta
method.
C. Free-Running Class-E Oscillator Design
The design specifications for the design example are given
as follows: operating frequency
, input voltage
, output quality factor
, output
, RMS voltage across the output resistance
resistance
, ratio of the output resonant inductance to the dc-feed
inductance
,
,
,
. Because
and
,
and
and
. Additionally,
,
, and
were obtained as given in
Table I, and all of the ESRs of the inductances are zero in the design process. The class-E free-running oscillator for achieving
the class-E ZVS/ZDS conditions can be obtained, as given in
Table II, by following design methods previously reported [5],
[8]. It should be noted that
is given for the free-running oscillator design.
Fig. 4 shows the numerical and experimental waveforms of
the free-running class-E oscillator, and Table II gives the measurement results. All experimental element values were measured using a HP4284A LCR meter, and the voltages and cur-

(16)
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TABLE II
DESIGN VALUES OF INJECTION-LOCKED CLASS-E OSCILLATOR

Fig. 5. Phase shift due to impulse perturbation at

Fig. 6.

.

of the designed injection-locked class-E oscillator for

.

Fig. 4. Waveforms of designed injection-locked class-E oscillator. (a) Numerical waveforms. (b) Experimental waveforms.

rents were measured using a Agilent 3458A multimeter. The
parasitic capacitance of the IRF530 MOSFET was estimated to
be 270 pF, which was obtained from a previous study [34]. Fig. 4
and Table II show that the experimental results quantitatively
agreed with the numerical predictions. In the free-running oscillator, the free-running frequency is 1.0077 MHz, which was
measured by the multimeter.
V. DERIVATION OF LOCKING RANGES
In this section, the locking ranges for the injection-locked
class-E oscillator are estimated on the basis of PRT.
A. Definition of Impulse Sensitivity Function and Linear
Response Region
For deriving the locking ranges, it is necessary to obtain the
PSF as stated in Section III because
is obtained by the
convolution integral of the PSF and the injection signal. The
PSF can be regarded as the impulse response of the phase [18],
[20], [21], [23], [28]. In the proposed locking-range derivation
method, the PSF is obtained numerically.
It is assumed that the free-running class-E oscillator is in the
steady state because the phase in (7) is defined in the steadystate. An impulsive voltage perturbation can be injected at any
phase of the one-cycle oscillation. Fig. 5 shows an example
of the trajectory when the impulse perturbation is injected at

Fig. 7. Impulse sensitivity function (ISF) of the designed injection-locked
class-E oscillator.

. After injecting the pulse waveform, the waveforms return to the steady state via transient response. However, a phase
shift
remains, as shown in Fig. 5. In particular, the phase
shift
is expressed as a function of the injection phase .
This function is known as the impulse sensitivity function (ISF)
[18], [20], [21], [23], [28]. The ISF is apparently equivalent to
the PSF because the PSF represents the phase gradient on the
limit cycle of the oscillator
. When the ISF is determined
numerically, the injection-pulse width
and height
are important because the phase shift depends on the impulse-perturbation injection phase
in addition to the pulse shape. If the
pulse is narrow and low, the phase shift is in proportion to the
pulse area. The region where
is in proportion to
is defined as the linear response region (LRR). When the ISF is

NAGASHIMA et al.: LOCKING RANGE DERIVATIONS FOR INJECTION-LOCKED CLASS-E OSCILLATOR APPLYING PHASE REDUCTION THEORY

2909

Fig. 8. Experimental, calculated (phase reduction theory; PRT), and numerical locking ranges. (a) Sinusoidal-wave injection. (b) Rectangular-wave injection. (c)
Triangular-wave injection.

obtained in this region, it is uniquely determined by normalizing
the phase shift by the pulse area.
In this paper,
is obtained from
(24)
where

is the ISF.

B. Numerical Derivation of ISF
Fig. 6 shows
and
is

as a function of the impulse amplitude for
. In particular, the injection voltage

for
(25)
for other
The pulse-shape waveforms were injected at the instant of
switch turn-on
, and the phase shifts through the
transient state with 5000 periods was plotted. It was confirmed
that 5000 periods are sufficiently long for the oscillator to
be in the steady state. It is seen from the extended region in
Fig. 6 that the phase shift varies linearly with the pulse height.
From this figure, the impulse signal that has
,
particularly
, and
is used for the
ISF derivation.
Fig. 7 shows the ISF of the designed class-E oscillator. The
ISF is defined as the phase shift by applying a unit impulse as a
function of injection point. It is ensured that the phase shift is in
proportion to the pulse area because it is in the LRR, as shown
in Fig. 6. Therefore, the ISF is obtained from

Fig. 9. Experimental and numerical output power and power conversion efficiency in the locking range of the sinusoidal-wave injection at
.

C. Locking Ranges of Designed Oscillator
In this paper, the locking ranges of the class-E oscillator for
three types of injection signals
, which are sinusoidal, rectangular, and triangle waveform signals, are predicted. The injection signals are expressed as
1) sinusoidal wave
(27)
2) rectangular wave

(26)
,
It is seen in Fig. 7 that a discontinuous point appears at
particularly switch turn-off instant, because there was a jump in
the switch current at the turn-off instant, as shown in Fig. 2. In
at
, particularly turn-on instant, was contincontrast,
uous, as shown in Fig. 7. This is because the class-E ZVS/ZDS
conditions, which are given in (1), were achieved. Because of
these conditions, both the switch current and voltage waveforms
were continuous at
.

for
for

(28)

and
3) triangle wave
for
for
for
where

,

, and

(29)
are the peak values of each waveforms.
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be adapted to any practical oscillators with many variables.
In addition, the accurate locking ranges can be obtained by
formulating circuit model in detail. 2) Locking ranges on any
injection-signal waveform can be efficiently obtained because
the ISF is independent of the injection-signal waveform.
Fig. 9 shows the output power and power conversion efficiency as a function of frequency ratio for the sinusoidal-wave
injection at
. For obtaining
the numerical results in Fig. 9, the ESRs of the inductances
given in Table II were considered. In this figure, it is shown
that a power conversion efficiency of more than 93% can be
kept in all locking ranges. This is because the injection signal
does not affect the switch-voltage waveform, and the class-E
ZVS/ZDS conditions can be achieved. Fig. 10 shows the numerical and measured waveforms for
and
at
. It is shown in the figure that the class-E
ZVS/ZDS conditions were satisfied in both numerical and measured switch-voltage waveforms. The figure also shows that
the oscillation frequencies were locked with the injection-signal
frequencies in both Fig. 10(a) and (b). Additionally, it was confirmed that the phase shift between
and , particularly
in Fig. 10(a), is different from that in Fig. 10(b).
VI. CONCLUSION

Fig. 10. Waveforms at
.

for (a)

and (b)

can be obtained numerically by the convolution integral
of the ISF shown in Fig. 7 and the injection signal. For the numerical calculations, the 50th order Fourier expansion of the ISF
is applied to the convolution integral calculations with the injection waveforms, which provides an accurate approximation.
Fig. 8 shows the locking ranges of the designed injection-locked class-E oscillator for each injection waveform. It
is shown in (24) that
varies linearly with the injection
signal. Therefore, the theoretical locking ranges increase in
proportion to the peak voltage of the injection voltages. The
numerical results in Fig. 8 were obtained by the calculation
algorithm in [14]. It is shown in Fig. 8 that the theoretical
locking ranges quantitatively agree with the experimental and
the numerical ranges, regardless of injection-signal waveforms, which validates the effectiveness and usefulness of the
locking-range predictions based on PRT. Because (15) and (16)
are normalized by the free-running frequency, it can be stated
that the locking ranges in Fig. 8 are independent of the specified
operating frequency.
Fig. 8(a) also shows the analytical locking range from a previous study [13] based on Adler’s equation [16]. It can be stated
that the proposed locking-range prediction method gives more
accurate locking ranges than the values from the analytical
method [13]. Compared with the analytical derivation method
of locking ranges [13], [32], [33], the numerical derivation
method presented in this paper includes the following advantages: 1) When the circuit equations are formulated, the locking
ranges can be estimated following the similar calculations steps
presented in this paper. In particular, the proposed method can

This paper has presented the numerical derivation method
of the locking range for the injection-locked class-E oscillator
using PRT. It is possible to obtain the locking ranges on any
injection-signal waveform accurately from PRT with low computation cost. The predicted locking ranges from the proposed
locking-range derivation method quantitatively agree with those
obtained from the simulations and circuit experiments, which
shows the validity of this method.
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